We analyse the baryon mass spectrum in a framework which combines the 1/N c expansion with chiral perturbation theory. Meson loop contributions involving the full SU(3) octet of pseudoscalar Goldstone bosons are evaluated, and the influence of explicit chiral and flavor symmetry breaking by non-zero and unequal quark masses is investigated. We also discuss sigma terms and the strangeness contribution to the nucleon mass.
I. INTRODUCTION
The large N c limit, where N c is the number of colors, is a useful device to understand many systematic features of baryon properties [1, 2] , such as the 1/N c scaling of various physical quantities. In a series of papers, Dashen and Manohar [3, 4] , and Jenkins [5] have discussed the 1/N c structure of baryon properties, and the framework for combining chiral symmetry with the large N c aspects of QCD has been developed by many authors [6] [7] [8] [9] [10] [11] [12] . In Refs. [7, 10] , the baryon octet and decuplet mass spectra were discussed in this framework and the baryon mass relations were derived. However, although those works successfully reproduce mass relations at tree level, they do not compute all possible terms allowed by the chiral and large N c expansions.
The baryon mass spectrum was re-examined in conventional baryon chiral perturbation theory by Borasoy and Meissner [13, 14] . To compute the baryon masses to order m 2 q , where m q is the quark mass, the decuplet degrees of freedom are integrated out to give counter terms, and some low-energy constants are determined from resonance saturation. However, when we work with the 1/N c expansion, the octet and decuplet states are degenerate at the leading order, and the decuplet fields must be treated explicitly.
In this paper, we re-examine the baryon masses in chiral perturbation theory taking into account the 1/N c counting based on the techniques developed in the literature, e.g., in Refs. [9] [10] [11] . This enables us to investigate the 1/N c structure of the baryon properties and the meson-baryon interactions in a systematic way. The baryon axial current matrix elements and the strangeness contribution to the nucleon mass are computed as well. Some of these topics were discussed in the literature [7, 10, 11] focusing on the leading order terms in 1/N c expansion (up to one loop corrections). In this paper, we perform the calculations to the next orders and discuss a difficulty which arises in computing the one loop corrections in a way which is consistent with the 1/N c expansion. This paper is organized as follows. In the next Section, we briefly discuss the formalism of this approach. In Section III, we compute the baryon axial current up to one-loop corrections. The baryon mass formulas are given in Section IV. The one-loop corrections to the baryon masses are calculated in Section V. We discuss the strangeness contribution to the nucleon mass and the sigma term in Section VI and then finish with a summary and conclusion in Section VII. Explicit expressions of baryon wave functions and some detailed formulas are given in Appendices.
II. FORMALISM
We start with a brief review of the construction of baryon states in the large N c limit, referring to Refs. [9, 10, 15] Our starting point is the chiral meson-baryon effective Lagrangian. Baryon matrix elements of this Lagrangian involve the meson-baryon interaction in the following form:
where σ µ is the baryon spin matrix, 1 and the dots denote higher order terms. The axial field A µ is defined as
where ξ = exp(iΠ/f ) with the meson decay constant f . The SU(3) matrix field Π represents the octet of pseudoscalar Goldstone bosons. It is defined as where u B is the Dirac spinor of the baryon and
at the tree level. By using the wave functions given in Appendix A, we can compute the baryon axial current straightforwardly. A naive investigation of each term gives that, despite the 1/N c 1 In the baryon rest frame, σ µ = (0, σ) with the usual Pauli matrices σ i .
factor, the h term contribution is expected to be of the same order as that coming from the g term. This is because the h term contains a 2-body operator whose expectation value can
These results show that the h term contributions are suppressed as compared to those of the g terms as we discussed above. We can also find that the leading order of α 1+i2 BB ′ is O(N c ), whereas α 4+i5 BB ′ , which changes the baryon strangeness, is O( √ N c ). This shows that the strangeness-changing (i.e., ∆S = 0) baryon axial currents are suppressed as compared to the strangeness-conserving (i.e., ∆S = 0) baryon axial currents by O( √ N c ). This can be understood from Eq. (3.8) by noting that the number of u,d quarks in the baryon wave functions is O(N c ) whereas that of s quark, i.e., strangeness, is O(N 0 c ). For example, in the case of α 1+i2 pn , acting with α 3 (or α 4 ) on the baryon state gives the factor N c , and the inner product of initial and final baryon wave functions with the proper normalization constants gives O(1), so that α 
Since the contributions of the h term are suppressed as compared to those of the g term by O(1/N 2 c ) for the ∆S = 0 axial currents and by O(1/N c ) for the ∆S = 1 axial currents, we can neglect the h term up to next to leading order. At this order, when we fix N c = 3, we can recover the quark model relation [10] , 11) by comparing with the results of the baryon chiral perturbation theory [17, 18] in addition to the quark model predictions 12) for the octet-decuplet-meson and decuplet-decuplet-meson coupling constants, C and H, defined as in Ref. [19] . When we go further in the 1/N c expansion, we must include the h term, and we get the modified relations, 13) as found in Ref. [10] .
We also compute α 8 B ′ B by using
where we have introduced N i = α † i α i . This leads to
From these results we find that the leading order of α 
. So we conclude that in order to get a consistent result on α 8 B ′ B , one should consider n-body (n ≥ 3) operators in general unless their coupling constants are suppressed. From the fitted values of D and F , one can estimate g = 0.61 ∼ 0.8 together with h = −0.02 ∼ −0.1, which shows that h is indeed small, less than 15% of g, but with opposite sign [10] . Therefore, one should keep in mind the contributions from n-body (n ≥ 3) operators in the calculation of α 8 B ′ B . We have a similar situation when we compute the η-meson loop corrections to the baryon masses in Section V.
B. One-Loop Corrections
The one-loop corrections to the baryon axial current in large N c chiral perturbation theory as shown in Fig. 1 have been discussed in Refs. [3, 4, 6] . Naively, these loop corrections as they stand are not consistent with the 1/N c expansion. From the meson-baryon interactions (3.1), each vertex is related to an operator X ia defined as This suppression was proved up to 2-loop order in Ref. [20] which concludes that the 2-loop corrections are suppressed by 1/N 2 c as compared to the tree level values. Explicitly, the one-loop correction to the baryon axial current from Fig. 1(a) is given by the following expression: 18) this gives the renormalized baryon axial current operator in the form of
where
Finally, we get the one-loop correction to the baryon axial current operator as
by evaluating the loop integral using dimensional regularization with the regularization scale λ (see, e.g., Ref. [21] .), where
which comes from Fig. 1(b) . So the one-loop correction to the baryon axial current matrix elements are obtained as Fig. 1(b) are of the same order as those of Fig. 1(a) .
IV. BARYON MASSES AT TREE LEVEL
In this Section we investigate the baryon masses at tree level. To estimate the baryon masses simultaneously in the 1/N c expansion and the chiral expansion, we must specify the relation between 1/N c and the pseudo-Goldstone boson mass m Π . In this paper, we use m Π δM ∼ O(1) where δM is the octet-decuplet mass difference. This gives m Π ∼ O(ε) and 1/N c ∼ O(ε), where ε stands for a small expansion parameter.
2 A priori, there is no constraint on the relationship between m Π and N c . In fact, the authors of Ref. [11] used m 2 Π δM ∼ O(1). However as we shall see below, the leading order correction to the degenerate baryon mass in the large N c limit is proportional to m 2 Π N c and we count it as O(ε). This is consistent, given that m Π ∼ O(ε 2 ) in accordance with the chiral expansion, and N c ∼ O(ε −1 ). We will compare our results with those of Ref. [11] before calculating the one-loop corrections.
The matrix elements of the effective Lagrangian which contribute to the baryon mass can be written as
eff represents that part of the Lagrangian which can give a contribution of O(ε i ). Explicitly, these terms arẽ
, where
We make use of the standard relations between B 0 and squared pion and kaon masses, m 
Throughout this work, we assume SU(2) isospin symmetry with
, there are 15 low energy constants that should be determined from experiments. However, one can find that 6 terms give identical contributions to all baryon masses so that 9 parameters remain which determine all baryon mass differences. In the following, we discuss the baryon masses at each order of ε.
From the Lagrangian (4.2a), all octet and decuplet baryon masses are degenerate at leading order, which gives the baryon mass operator,
where the parameter a 0 sets the scale as a "mass per color degree of freedom". To the next order, the correction to the mass formula reads
The a 1 term gives the splitting between octet and decuplet while all states within the octet and decuplet are still degenerate. Although the original form of Eq. (4.2b) includes the operator {S}, the resulting baryon masses do not depend on strangeness since the expectation values of {S} for our baryon states are of O(1) so that its contribution appears at the next higher order. Thus, at O(ε 1 ), we get
where M 8 and M 10 denote the baryon octet and decuplet masses, respectively. At O(ε 2 ) there are two contributions. One is fromL 2 eff of (4.2c) and the other is from the remaining part of the b 1 term ofL
It is clear that the α 1 term gives the same mass shift to all baryons. The dependence of the b 1 term on strangeness results from the SU(3) flavor symmetry breaking and vanishes in the flavor SU(3) limit. Therefore, up to this order, the baryon mass depends on total spin and strangeness, but the Λ and the Σ are still degenerate.
The mass corrections at O(ε 3 ) can be obtained as
The b 2 term involves two operators. One of them depends on the total baryon spin and the other depends on the spin of the strange quark(s). As a result, the Σ decouples from the Λ at this order. Up to this order, we have 4 operators in the baryon mass formula, namely, {1}, {σ j }{σ j }, {S} and {Sσ j }{σ j }. The c 1 and c 2 terms give the same contributions to all baryons. The matrix elements of the operators can be evaluated using
All the matrix elements needed to calculate the baryon masses are given in Table I . The explicit expression of mass corrections at O(ε 4 ) reads
The combination of c 1 and c 2 terms depends on the strangeness, and the α 2 term gives the next order contribution to the decuplet-octet splitting. Therefore, all of the above terms can be absorbed into the formulas valid up to O(ε 3 ). Then, up to this order, we have three mass relations,
where (M1) is the hyperfine splitting rule, (M2) the Gell-Mann-Okubo (GMO) relation and (M3) the decuplet equal spacing (DES) rule.
The O(ε 5 ) correction to the baryon mass has a more complicated form:
There are more terms including c 5 and d 1,2,3 , but they give contributions only at higher orders. The mass formula (4.14) includes the operators {S}{S} and {Uσ j }{Sσ j } in addition to the operators that appeared already at the lower order. Because of these new operators, the mass relations (M2) and (M3) of Eq. (4.13) are modified, whereas (M1) is still valid. Instead of (M2) and (M3), we find improved GMO and DES rules [6, 10] : 15) which work better than (M2) and (M3). Empirically, the left and right hand sides of (M1) give (293 = 308), and (M2 ) and (M3 ), respectively, lead to (27 = 0) and (139 = 149 = 152), whereas (M2 ′ ) gives (27 = 11) and (M3 ′ ) gives (−3 = −8), where the numbers are given in MeV. Combining these relations with (M1 ) gives
where the numbers show again the experimental values. Note that this is not an independent mass relation. The modified DES rule (M3 ′ ) was first derived by Okubo [22] in the form of 17) which is just a re-combination of (M1 ), (M2 ′ ) and (M3 ′ ). Since there are 6 different types of operators up to O(ε 5 ), we can write the mass formula in a compact form as 19) where the numbers in parenthesis on the right hand side are the empirical ones in MeV. The first three relations are re-combinations of (M1 ), (M2 ) and (M3 ) and they are reasonably consistent with experiments. However, the deviations of the last two relations are larger compared with the first three relations. In our scheme, this discrepancy can be understood easily because the first three relations hold up to O(ε 3 ) and O(ε 4 ) whereas the last two hold only up to O(ε 2 ).
V. LOOP CORRECTIONS TO BARYON MASSES
The one-loop corrections to the baryon masses are obtained from the diagrams shown in Fig. 4 . First, let us consider the diagram of Fig. 4(a) without mass insertions to the intermediate baryon states, which corresponds to Fig. 2(a) . At first glance, this one-loop correction appears to be inconsistent with the 1/N c expansion. Since each vertex carries a factor √ N c , the one-loop correction is O(N c ). A similar feature occurs in the case of the baryon axial current, where the wave function renormalization part must be included to give the proper commutator structure which is essential to be consistent with the 1/N c expansion. In the case of the baryon self energy, however, there is no other term that can lead to this commutator structure. Thus the one-loop correction is not suppressed as compared to the tree level baryon masses [9] . In fact, this one-loop correction starts from O(N c ), but we can see that the corrections of this order are the same to all baryons so that it can be absorbed in the a 0 term of the baryon mass.
The one-loop baryon self energy is obtained as
where ω = p · v and X µa is defined in Eq. (3.16). After evaluating the loop integral we find:
where a = 1, 2, 3 for the pion loop, a = 4, . . . , 7 for the kaon loop, and a = 8 for the eta loop. The operator O Π can be computed straightforwardly to give
There are several remarks concerning this result. As we discussed before, the pion loop correction O π includes the factor N 2 c , which gives a correction of order N c when combined with the factor 1/f 2 . Thus it is not consistent with the 1/N c expansion. However this term has a trivial operator structure and therefore does not contribute to the baryon mass differences. Furthermore, because of m Table III . One would expect that the gh and h 2 terms are suppressed as compared to the g 2 term. This is true for the pion and kaon loop corrections as can be seen from Table III . However, in the case of η-meson loop, the gh and h 2 terms are as the same order as the g 2 term. This is similar to what we have seen in the α 8 calculation in Section III. Thus in order to get the correct result for the η loop corrections, we have to consider n-body operators in general, unless the coupling constants of such operators are numerically suppressed. In our estimate, we keep terms up to the 2-body operator in X ia , i.e., the h term. Finally, we note that the g 2 terms involve the operators, {S}, {S}{S}, {σ j }{σ j } and {Sσ j }{σ j }, which have already appeared in the mass formula (4.18) . This means that the g 2 terms satisfy the three mass relations, (M1 ), (M2 ′ ), and (M3 ′ ). 3 Corrections to the mass relations come from the gh and h 2 terms which include {S}{σ j }{σ j }, etc. To estimate the loop correction from Fig. 4(a) , we include the mass insertions to the intermediate baryon states. Let the mass difference be denoted by δM B ′ . Then the baryon self energy from this diagram reads
Calculation of the loop integral gives
with a = 1, 2, 3 for the pion loop, a = 4, . . . , 7 for the kaon loop and a = 8 for the eta loop, and
(5.6c)
In the limit δM B ′ = 0, we can recover the result (5.2). In the case of δM B ′ = 0 (or constant), the loop correction can be represented in terms of the operators given in Eq. (5.2b). This is possible because the loop integral does not depend on the intermediate baryon state. However, this is not the case in Eq. (5.6) since the loop integral depends on δM B ′ . We can write Eq. (5.6) in a more convenient form as follows. With the usual definitions,
we use the Wigner-Eckart theorem,
Then after some algebra, one can show that
where c B = 1/2 for octet baryons and 1/4 for decuplet baryons. Since 
which can be obtained by taking δM B ′ = 0 in Eq. (5.6). However, by inserting γ Π B ′ (B) given in Appendix C, one can find that the above closure relation does not hold with B ′ ∈ {8} and {10} only. This is because we have 12) in the large N c limit. The equality in the closure relation holds only for N c = 3. To form a complete set, we need an infinite number of states for infinite N c . However, fortunately in our case, X ia is a spin-1 operator. So what we need in order to satisfy the relation (5.11) is to include the intermediate baryon states up to spin 5/2. This is done in Appendix A, where we give all the states B ′ of spin 1/2, 3/2, and 5/2 to fulfill Eq. (5.11). All these additional states are fictitious, i.e., they do not exist in the real world with N c = 3, but they are needed to satisfy the closure relation in the large N c limit. Note also that the baryon self-energy of Eq. (5.6) starts at O(ε 2 ). The contribution to the baryon self energy from Fig. 4(b) vanishes for the meson-baryon couplings (3.1). The contribution of such a diagram comes from the effective Lagrangian (4.2). Consider for example the one-loop correction fromL (1) eff of Eq. (4.2b) to the baryon self energy. This one-loop correction comes from the {m} term ofL (1) eff , which is expanded as 
By evaluating the loop integral using dimensional regularization, we get
In the same way, we can compute the baryon self energy of Fig. 4 (b) from the higher order terms of Eq. (4.2) to obtain
Explicit calculation gives
20a)
Thus the leading order of this loop correction is O(ε 4 ). However, there can be other one-loop corrections at O(ε 4 ) from higher order terms in the chiral Lagrangian, which can be written as
Generally, terms which involve {(v · A) 2 } and {v · A}{v · A} are also possible. However, these terms can be absorbed into Eq. (5.21) because of the following identity in dimensional regularization [14] :
The Lagrangian (5.21) gives the one-loop correction of the type of Fig. 4(b) as
The leading order of this term is O(ε 4 ) since Fig. 4(b) satisfy the mass relations, (M1 ), (M2 ′ ) and (M3 ′ ). In addition to the one-loop corrections of the previous calculation, we have to consider one more contribution, i.e., the 1/M B corrections. They have been calculated in Refs. [13, 14] within the framework of baryon chiral perturbation theory. To estimate the 1/M B corrections, one can use the relativistic form of the effective Lagrangian and then expand it to obtain the 1/M B terms. Or one may write down all possible next order terms in 1/M B [26] and then fix the coefficients by using the so-called "velocity reparameterization invariance" [24] . The two methods should give the same result. In this paper, therefore, we use the results of Ref. [25] as discussed in Ref. [27] for a simple estimate on the 1/M B corrections.
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If we consider the one-loop self energy of Fig. 4(a) with the intermediate state baryon mass M B ′ in a fully relativistic theory according to Ref. [25] , then we have
where β stands for an SU(3) Clebsch-Gordan coefficient. By expanding the loop integral, one would have term. This was verified by explicit computation in Ref. [14] . We use this result for our estimate of the 1/M B corrections,
with O Π defined in (5.2b). We can use M 0 B = a 0 N c and note that the order of this δM B is O(ε 4 ). Finally, we get the full one-loop correction to the baryon mass as 
VI. SIGMA TERM AND STRANGENESS CONTRIBUTION TO THE NUCLEON MASS
The pion-nucleon sigma term, defined as
can be computed from the expression of the nucleon mass using the Feynman-Hellman theorem:
The strange quark contribution to the nucleon mass can be written as
Then we can estimate the strange quark matrix element (SME) p|m ss s|p from the mass formulas derived in the previous Sections.
In this Section, we consider the SME at the tree level. Up to O(ε 1 ), the nucleon mass is written as
We find that there is no strange quark contribution to the nucleon mass at this order:
(6.5)
From Table II , we observe where the values in square brackets correspond to σ πN = 50 MeV as suggested by the lattice calculation of Ref. [29] . The non-vanishing SME comes from the O(ε 2 ) terms. The nucleon mass up to this order reads 8) and involves four parameters. We find
which gives
Note that the SME starts at O(N 0 c ) in 1/N c counting as pointed out in Ref. [10] . From the best fit of Table II , we get This shows the familiar strong dependence of p|m ss s|p on the value of σ πN . This is because the constant multiplying σ πN in Eq. (6.10) is as large as 12.4. For example, if we use σ πN = 65 MeV, we find 555 MeV for the SME. However, we have to include at least the O(ε 3 ) terms to get a more reliable value of SME because the fitted baryon mass spectra is reasonably consistent with the experiment from this order onward. For the nucleon mass we have two additional terms so that
Although there are altogether 7 parameters in the Lagrangian, we have only 6 independent parameters since c 1 and c 2 enter in the form (c 1 + c 2 ) for all baryon masses. The final result is:
which implies
To estimate this matrix element, we must determine the parameters. Not all of them can be fixed, however, since there are 6 parameters while we have only 5 pieces of information: four from baryon masses and one from the πN sigma term. From Table II , we have . Since the other parameters cannot be determined uniquely, we rewrite the SME of Eq. (6.16) in the form:
where we have expressed (c 1 + c 2 ) in terms of σ πN and a. Since a is fixed by the mass spectrum, therefore, the SME of the above form depends on the unfixed parameter a 0 . For a numerical estimate we can use the fitted values of a 0 from the calculations at O(ε 1 ) and O(ε 2 ), i.e., a 0 = 190 ∼ 340 MeV. This leads to p|m ss s|p ranging between about 250 MeV and −190 MeV. Now the dependence on the πN sigma term is very weak, while it depends strongly on the value of a 0 , leaving p|m ss s|p almost completely uncertain.
At O(ε 4 ) and O(ε 5 ), the situation becomes even more subtle. There are 9 parameters with 5 pieces of information in case of O(ε 4 ). If we take into account the corrections from O(ε 5 ), then we have 13 effective parameters 5 with 7 constraints. Additional information is therefore required such as isospin symmetry breaking effects in the baryon spectra and/or KN sigma terms [30] . As a reference, we give the formulas of the sigma term and the SME up to O(ε 4 ) below:
In essence one observes that corrections beyond the standard estimate (6.10) for p|m ss s|p are so large that they prohibit quantitative conclusions about the strange quark contribution to the nucleon mass.
VII. SUMMARY AND DISCUSSION
In summary, we have re-analyzed baryon masses within baryon chiral perturbation theory in combination with the large N c expansion. Before computing the baryon masses, we have calculated the baryon axial current. We find that the two diagrams of Fig. 1 give contributions of the same order in 1/N c counting. Inclusion of the wave function renormalization terms is crucial to get the right order for the one-loop corrections because this gives the proper commutator structure to the baryon axial current operator. However, when calculating α 8 B ′ B , two-body operators give contributions of the same order as one-body operators. Unless the coupling constants of the general n-body operators are suppressed numerically, their effects must be included in order to be consistent with the 1/N c expansion.
Next, we have considered the baryon mass spectrum in this scheme. For this aim, we have used that both m Π and 1/δM scale as O(ε), where m Π and δM, respectively, represent the Goldstone boson mass and the octet-decuplet mass splitting which depends on 1/N c . At the tree level, we found that the empirical mass spectrum is well reproduced to O(ε 3 ) and the corrections from O(ε 5 ) are not so crucial. But the Gell-Mann -Okubo mass relation and the equal spacing rule in the decuplet are modified at O(ε 5 ). At the one-loop level, there is no additional contribution that gives the characteristic commutator structure, and the loop corrections seem to violate the 1/N c expansion. However, the leading terms are constant for all baryon states and can be safely absorbed into the central baryon mass in the chiral limit. The meson loop corrections involving the operators O Π with the coupling constant g, P Π and Q Π of Eq. (5.29) satisfy the modified mass relations (M1 ), (M2 ′ ) and (M3 ′ ). To get the correct result, the intermediate baryon states must include fictitious states of spin up to 5/2 in order to satisfy the closure relation, B |B)(B| = 1, for the spin-1 operator X ia in the large N c limit. As in the calculation of α 8 B ′ B , the η-meson loop corrections to the baryon self energy require general n-body operators in order to be consistent with the 1/N c expansion.
Finally we have estimated the strangeness contribution to the nucleon mass at the tree level. We confirmed that this matrix element is O(N 0 c ) in the 1/N c counting. At leading order, namely O(ε 2 ), this contribution can amount to more than 300 MeV. At the next order, we cannot uniquely determine the mass parameters because of lack of independent empirical information. But the upper bound of the strangeness contribution to the nucleon mass is now reduced to around 250 MeV. 
, with the normalization constants
,
from the condition (B, j z |B, j z ) = 1, where N c = 2n + 1. The negative signs of some states were introduced to be consistent with the quark model convention [31] . Explicitly the spin-up proton state can be written as
by making use of
The decuplet states are as follows: 
where [(n − 1)!C ∆ ] 2 = 4 n(n + 1)(n + 2)(n + 3)
, [(n − 1)!C Σ * ] 2 = 3 n(n + 1)(n + 2)
However, the octet and decuplet states are not sufficient to satisfy the closure relation (5.11) in the large N c limit, and we have to include higher spin states. Since X ia is a spin-1 operator, it is sufficient to introduce fictitious states up to spin 5/2. These states are distinguished from the octet/decuplet by a tilde and we denote the strangeness S = −4 states by |S). These states can be obtained by considering 5-quark states multiplied by (A † s ) n−2 , whereas the conventional octet and decuplet are formed by 3-quark states with (A † s ) n−1 . Then the fictitious states of spin 1/2 are
where [(n − 2)!CΞ] 2 = 1 (n − 1)n(n + 1)(n + 2) ,
[(n − 2)!CΩ] 2 = 1 4(n − 1)n(n + 1)
.
For the spin 3/2 states, we have 
